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Abstract--Two-phase flow in horizontal pipe was analyzed with simplified models for annular and 
stratified flow. The velocity profiles for the liquid and gas phase were described with the Prandtl 
mixing length. From this analysis, the frictional pressure drop was calculated with the modified 
Baker map for flow pattern transition. The intermediate region, i.e. wavy flow, was interpolated 
between annular and stratified flow. Comparison of this analysis with existing experimental data of 
refrigerants showed good agreement. 

1. I N T R O D U C T I O N  

In the part I of this article by Hashizume (1983a), described was experimental equipment 
for obtaining data on the flow pattern, void fraction and pressure drop of refrigerant 
two-phase flow in a horizontal pipe, and experimental data were presented. Based on these 
data, a flow pattern map, a modified Baker map, was proposed by Hashizume (1983b). In 
this paper, models for annular and stratified two-phase flow in a horizontal pipe are 
presented and analyzed. From these models, the frictional pressure drop can be calculated 
for each flow pattern region. The transition region between them is covered by linear 
interpolation on a log-log plot between the two extremes according to the proposal by Bandel 
(1973) and Bandel & Schliinder (1973, 1974). The flow pattern transitions are determined 
by the modified Baker map, whereas Bandel determined these transitions empirically from 
the comparison of their pressure drop calculation method with experimental data. The 
calculation method for frictional pressure drop based on this analysis with flow pattern 
transition according to the modified Baker map is compared with refrigerant data presented 
in part I and also by Chawla (1967) and Bandel (1973). 

2. MODELING FOR H O R I Z O N T A L  TWO-PHASE FLOW 

2.1 Fallingfilm flow 
Typical flow patterns in horizontal two-phase flow are annular and stratified flow. They 

consist of a continuous liquid (film) flow and a gas (core) flow. As the first step of two-phase 
flow analysis, a falling film flow is considered, which would have similar characteristics to 
liquid film flow in two-phase flow. Since they both have a free surface as a boundary, their 
characteristics are supposed to be different from those of single-phase flow. 

Figure 1 shows the model for analysis. Along a vertical flat plate flows a turbulent liquid 
film due to gravity, where the velocity profile is considered to consist of a laminar sublayer 
and a turbulent layer. The liquid surface is assumed to be smooth. 
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Figure 1. Model for falling film. 

uB 

The velocity profile in the film and the mass flow rate can be expressed in dimensionless 
forms as follows: 

u + - y+, for 0 < y+ < b +, [1] 

,( u + - u: + -- 2%/1 - ÷ - 2%/1 - b+16 + 
m 

+ l n l - ~ ] l - Y + / ~ + - l n l - ~ ] l - b + / ~ + ) , f o r b + ~  =<y+_~+,< [2] 
l+41-y+/  + b + / t i  + 

ReL = fo 5+ u + dy +. [3] 

where u+(-u/u *) represents the dimensionless velocity, u* ( -  4"#) the friction velocity, g 
the acceleration due to gravity, y+ (--PLu*Y/#L) the dimensionless distance, OL the liquid 
density, #L the liquid viscosity, b + (--pLu*b/uL) the dimensionless thickness of the laminar 
sublayer, 6 + (--pLU*6/#L) the dimensionless liquid film thickness, ReL (-G/uL) the liquid 
Reynolds number and G the mass flow rate per unit width. 

The velocity profile for the turbulent layer is described using the Prandtl mixing length, 

tdy] [ 41  

1 - my, [5] 

where • represents the shear stress and m the mixing length constant. From [1-3], the 
dimensionless film thickness 5 + can be calculated for given Reynolds number ReL, when the 
value for m is known. For dimensionless thickness of the laminar sublayer, according to Ueda 
(1967) and Ueda & Hanaoka (1967), b + - 7 is assumed to be valid for falling film flow. 

Figure 2 shows the results. We can see here that the calculated/~+ agrees with the 
empirical correlation after Brauer (1956), if the value of 0.18 is taken for m. The value of 
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Figure 2. Dimensionless thickness of falling film. ( l) ,  this analysis (m - 0.40); (2), this analysis 
(m - 0.18); (3), this analysis (m - 0.10); (4), Brauer 0956).  

0.18 is considerably smaller than that of 0.40 for single-phase flow. This, however, can be 
supported by the measurement of Koziol et al. (1980), who measured the maximum velocity 
in falling film flow. 

2.2 Annular flow 
The model for analysis is a simplified annular flow consisting of a liquid film and a gas 

core, as shown in figure 3. Entrainment is neglected and the liquid film is assumed to be 
smooth and to have uniform thickness in the circumferential direction. These assumptions 
are not always valid in actual cases. Therefore, this analysis may not be applied to annular 
flow with a considerable amount of entrainment or with large nonuniformity in film 
thickness. The shear stress distribution is 
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Figure 3. Model for annular flow. 
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where R is the pipe radius. The velocity profiles in the laminar sublayer and the turbulent 
layer are described as follows: 

u _ ~ (y f l  ) -r, I& \ - - ~  ~---y,  forO < y < [7] 

U=Ub+ T~xf~L In (Y), forb < y  < 6. [8] 
m ~t,/ 

Using the expression for the shear stress 

- Igl 
 dy/ 

the velocity profile in the gas core yields to 

u - u , +  ~ ( 2 x / T -  y / R -  2x/1 - ~ / R  
m \ 

+ l n l -  ~/T-y/RY/R l n l  +- x / 1 - ~ / R _ )  
1 + 1-x/T ' ~ -  1 xll ~/R ' f ° r f i < Y < R '  [10] 

where Pc is the gas density. The mass flow rate for the liquid phase is 

G (1 - x) *rR 2 ~ 2,rpLfo~u (R - y) dy ~ 2*rRpLfo6u dy, [1 l] 

and for the gas phase 

Gx~R 2 = 21rpc fsRu(R - y) dy, [ 12] 

where G is the mass flux and x is the quality. Equations [7], [8] and [10]-[12] can be 
expressed in dimensionless forms as follows: 

u ÷ - y+, for 0 < y+ < b +, [7a] 

u ÷ ~ u b  ÷ + - - I n  , f o r b  ÷ ~ y ÷ ~ 5  ÷ , [Sa] 
m 

r1/2 ( 
u + - u/" + - -  2~/1 - 2y+/Re + - 2~/1 - 26+/Re + 

m 

+ In 1 - ~/1 - 2y+/Re + _ In 1 - ~/1 - 2~+/R¢+ / t5 + < Re+ [10a] 
1 + ~/1 - 2y+/Re + 1 + X/1 2~+/Re+/,  for <Y+ - 2 ' 

1 
ReL = f0  5" u+dy +, for liquid phase, [1 la] 

l X r _ f S , ' 1 2 ( l _  2y+ 1 
ReL1 - x -,a* ~ e + / u + d y  +, for gas phase, [12a] 

where F(-,offpc) is the density ratio, Re+(~ ,o,u*d/~D the friction Reynolds number, 
d ( -  2R) the pipe diameter and ReL[~ G(1 - x)d/uL] the liquid Reynolds number. 
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Figure 4. Model for stratified flow. 

2.3 Stratified flow 
For simplicity, a stratified flow is modeled as a flow between two parallel plates with 

distance dr, as shown in figure 4. The relationship between dt and the pipe diameter d will be 
determined afterward empirically. 

Using the shear stress distribution 

H - y  
T -  H *wl ' f ° r0-<y-<H'  [13] 

y - H  
~" d _Hr,,2, forn<-y<-d,, [14] 

the velocity profile for the flow below the maximum velocity position (y - H)  can be derived 
in the same manner as for the annular flow model: 

,-w,(y y.~__fi) ,-,,, u - - -  - = - - y ,  forO<..y<-b, 
#L l~L 

[151 

f 
u - ub + " ' " " " "  {2  4 1  - y / H  - 2 `/1 - b/H 

m I 

1 - -  `/1 - y / H  1 - ` / 1 -  b / H  ! 
+ In - In for b --. y <.. ~ [16] 

1 + ,/1 - y / n  1 + ,/1 b / n J '  

u - . ,  + ~'~'/P~I2 41  - y / n  - 2 4 i  - * / n  

# 

m t 

1 -  : - y / .  in 1 -  4 r - - " W l  
+ In y /H  + 1 + 1 - ~  - ~ - - - - -  1 ~ . 2 . . ~ j , f o r ~ - < y - ~ H .  [17] 

For the velocity profile of the gas flow in the upper part of the maximum velocity position 
(neutral surface), one-seventh power law seems to be applicable; 

~ "  ~d. - H /  " [18] 



648 K. HASHIZUME el al. 

Because this flow has solid and neutral boundaries, it can be probably treated as a 
single-phase flow in ducts. The mass flow rates for the liquid and gas phases are 

f o  ~ 
G(1 - x )  =PL udy,  [19] 

f 5  a" G x  = P~ u dy, [20] 

respectively, where G is the mass flow rate per unit width. The relationship between rw~ and 
rw2 is 

dP rwl rw2 
dL H d, - H '  

[21] 

assuming that the pressure in the cross section is uniform, d P / d L  represents the frictional 
pressure drop per unit length. Equations [ 15]-[20] can be expressed in dimensionless forms 
as follows: 

u + - 4 y+, for 0 ~ y +  < b +, [15a] 

u+ - u'+ + 2~/-H-T7-~m (2 ~/1 - y + l H  + - 2 ~/1 - b + l H  + 

1 - ~/1 - y+/H___~ + _ In 1 - ~/1 - b + / H +  I for b + <- y+ -< ~+, [16a] 
+ In i y+/,v+ -1 + b+/M+J' 

u + - u a  + + / V l - Y + l H  + - 2 ~ / I - ~ + / H  + 

1-41-y+/H + 1-41-/~+/H+ 1 ~+ 
+ I n  - I n  , for  -<H +, [17a] 

1 +41 -Y+ lH  + 1 + 4 1 -  ~+-"~/ -<Y+ 

u + ( ~ _ - - v + / R e + / ' / '  H+ y+ 
- U u  + - _ H + / R e +  ] , for  < -<Re + , [18a] 

ReL - f0  5. u + dy +, for liquid phase, [19a] 

x F - L Re" u+ dy+, for gas phase. [20a] ReL 1 - x 

H+(  - PLu*H/I~L) represents the dimensionless maximum velocity position and 
ReL[- G(I - x ) / l ~ d  the liquid Reynolds number. If  we assume that the value b + - 7 is valid 
also for the liquid flow in stratified flow, then b + in stratified flow is expressed as follows: 

b+ - 2 H ~ - / R e  +" [22] 

The position of maximum velocity is approximated to be located at the middle between the 
film surface and the upper plate for simplicity: 

Re + + (~+ 
H+ [231 

2 
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The effect of this approximation will be included afterward in the relationship between d, 
and d. 

3. PRESSURE DROP CALCULATION BASED ON THIS ANALYSIS 

The value of 0.18 for m has been shown to be valid for falling film flow. This value is 
assumed to be valid also for two-phase flow, i.e. for liquid film flow and gas flow, which have 
a wavy interface as a boundary. We can then calculate the frictional pressure drop of annular 
and stratified flow from the analysis in the previous sections. 

3.1 Annular flow 
Substituting [7a], [8a] and [10a] for the dimensionless velocity profile into [1 la] and 

[12a], the two unknowns Re + and ~+ can be solved for given values of ReL, x and I ~ using 
iteration procedure. Figure 5 shows the results. From Re +, we can obtain the pressure drop 
from the definition of Re +, u* and the relationship between the wall shear stress and the 
pressure drop: 

dP 4 4 (Re+) 2/~2 
d'-L" d rw d 3 [241 PL 

3.2 Stratified flow 
In the same way as for annular flow, Re* and ~+ can be calculated from [19a] and [20a] 

with [ 15a]-[ 18a] for given values of ReL, x and I'. Figure 6 shows the results. 
In the case of stratified flow, flow in pipe was modeled as a flow between two parallel 

plates. Therefore, the relationship between the distance d, and the pipe diameter d has to be 
found. Comparison was made with experimental data on refrigerants in a stratified flow 
region presented in part I, to seek a suitable equivalent value, with which the analytically 
obtained pressure drop agreed with experimental data. Figure 7 shows the results. It was 
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Figure 5. Friction Reynolds number after this analysis for annular flow, 
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found that d,/d is a function of x and I', and can be approximated as 

, 4  
_ [(xS°/r) -2 + (l.22x-t42)-z] -°s. 

d 
[25] 

The lines in figure 7 show the calculated values after [25]. The relationship includes such 
effects as curvature of the liquid surface, surface wave and the position of the maximum gas 
velocity, which were neglected or approximated in the analysis. Therefore, [25] is a pure 
empirical relationship and has no physical meaning. 

3.3 Flow pattern transition 
The variation of pressure drop versus mass flux under a constant quality shows 

characteristic slopes on a log-log plot. Each of these slopes corresponds to stratified, transient 
and annular flow. Bandel (1973) and Bandel & Schltinder (1973, 1974) found these 
characteristics for the first time, and proposed to calculate pressure drop in the transient 
region by interpolation between stratified and annular flow as follows: 

- x [ 2 6 ]  
, , , = o o ,  s c  

where the subscripts SC and AC denote the critical values for stratified and annular flow, 
respectively. This procedure is shown in figure 8. To do this, the critical mass flux Gsc and 
G~c must be predicted. Bandel found criteria for them as functions of the product of Froude 
and Euler numbers empirically using experimental data on pressure drop of his own and 
from a data bank. 

Another possibility to predict Gsc and Gac is the use of some flow pattern maps. 
Hashizume (1983b) has obtained a flow pattern map, the modified Baker map, based on his 
own observation. The boundaries for the flow pattern transitions can be approximated by the 
following correlations: 

Stratified to wavy: Y = [(13.6X-° 1776)-| ..{_ (972X-t.~29)-i] -i, [27] 

Wavy to slug: Y "  972X-1'429' [28] 

Wavy to annular: Y - 28.05X -° t~36. [29] 

(alP) log - ~ .  
X = c o n s t .  

(dP) ~~--~ - sc\ 

Gsc GAc Io9 G 

Figure 8. Linear interpolation for transient flow region according to Bandel (1973) and Bandel & 
Schlilnder (1973, 1974). 
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Here X, Y, h and ¢/are 

x l-Xx¢,  (-), [30] 
x 

ox (,,) 
Y -  ' [311 

[33] 

where # represents the surface tension and the subscripts A A  and WA denote the air and 
water at ambient conditions, respectively. 

4. COMPARISONS OF THIS ANALYSIS WITH EXPERIMENTAL DATA OF 
REFRIGERANT TWO.PHASE FLOW IN HORIZONTAL PIPES 

4.1 Pressure drop 
Figures 9-12 show the comparisons with the experimental data by Hashizume (1973a), 

Chawla (1967) and Bandel (1973). Pressure drop in the wavy flow region is interpolated 
between stratified and annular flow, and that in the slug flow region is calculated using the 
annular flow model. Though flow pattern transitions shown in these figures after [27]-[29] 
do not always agree with the observations, we can see good agreements in pressure drop 
between this analysis and the experimental data. 

This analysis is compared with other calculation methods of frictional pressure drop 
(Bandel 1973; VDI-W~irmeatlas 1974; Friedel 1979). Comparisons are made in the form of 
relative errors defined as 

(dP/dL )~,cuat,d - (dP/dL  )m~,~,~d 
( dP/  dL )c, leulat~d 

x 100, [34] 

and the percentage-wise fraction of data within + 30% relative errors is given in table I. The 
table shows that this analysis can predict pressure drop more accurately than the other 
calculation methods, at least in this experimental range. The VDI-W~irmeatlas method 
predicts Chawla's data most accurately, but agreements with other data are not satisfactory. 
Bandel's method gives good prediction except of Chawla's data of 25-mm diameter, which 
was already recognized by Bandel himself. Friedel's method was developed for steam/water 
(P - 1-212 bar, G ~ 15-8250 kg/m2s, d - 3-152 mm and x < 0.7) and R12(P = 0.6-33 
bar, G = 100-5000 kg/m~s, d = 10-23 mm and x < 0.7). Although most data on R12 lie in 
these applicable ranges, agreement between this method and experimental data is unsatis- 
factory. 

4.2 Void fraction 
The simultaneous equations, i.e. [1 la] and [12a] for annular flow and [19a] and [20a] 

for stratified flow, give two answers. One answer is Re ÷ , which was verified by comparisons 
with systematically performed experimental data. Another answer is 6 + . From the liquid 
film thickness 6, void fraction a can be calculated, if entrainment is neglected. That is 

~r(R - 6) 2 1 - 2 6 46 ÷ [35] 
ot = r R  ~ - ~ = 1 Re + 
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Figure 13. Void fraction compared with data by Hashizume (1983a). 

O Flow Pattern Transition According to [27]-[29] 

Calculated by Stratified Flow Model 

Interpolated (Wavy Flow} 

Calculated by Annular Flow Model (Slug Flow} 

Calculated by Annular Flow Model 

Calculated by Homogeneous Flow Model 

Range of Experimental Data 

a Calculated for G = 88.4 kg/m2s ( = 25 kg/h ) 

b Calculated for G =353.7 kg/m2s ( =100 kg/h ) 

To evaluate this analysis from another point of view, void fraction calculated by [35] or 
[36] is compared with experimental data presented in part I. Figure 13 shows the results. In 
the annular flow region, good agreement is seen. In the stratified flow region, however, 
agreement is not as good as in the annular flow region, because the relationship between d, 
and d [25] was determined to fit the pressure drop. In spite of this, we can see better 
agreements at least than the well-known homogeneous flow model. Lines for the wavy flow 
region are smooth interpolation between stratified and annular flow model. The flow pattern 
transitions were determined here also by [27]-[29]. 

5. C O N C L U S I O N  

Two-phase flow in horizontal pipe was analyzed using simplified models for annular and 
stratified flow. The velocity profile for the turbulent flow was described with the Prandtl 
mixing length. From the analysis of falling film flow, the mixing length constant for the 
liquid film flow was found to be 0.18 instead of 0.40 for single-phase flow. With the 
extrapolation of this value to gas flow of two-phase flow, the frictional pressure drop of 
annular and stratified flow could be calculated as an answer of simultaneous equations for 
liquid and gas flow rates. The intermediate region between them, i.e. wavy flow, was 
interpolated with flow pattern transition by the modified Baker map. Comparisons of this 
analysis with existing experimental data on refrigerants showed good agreements. 
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N O M E N C L A T U R E  

laminar sublayer thickness 
dimensionless thickness of laminar sublayer - PLU*b/aL 
pipe diameter 
distance between upper and lower plates 
pressure drop per unit length 
gravity acceleration 
mass flux 
maximum velocity position in stratified flow model 
dimensionless maximum velocity position in stratified flow model - PLu*H/~L 
mixing length 
length 
mixing length constant 
pressure 
pipe radius - d/2 
friction Reynolds number (dr is used for stratified flow model) - p,u*d/~L 
liquid Reynolds number - G (1 - x) d/uL 
for falling film flow - G/#L 
for stratified flow model G (1 - x)/~z 
saturation temperature 
velocity 
dimensionless velocity - u/u* 
friction velocity - ~ / P L  
for falling film flow - 
for stratified flow model - ~ld,/4PL TwJH 
quality 
distance from the wall 
dimensionless distance - pLU*Y/#L 
void fraction 
density ratio - PdPc 
liquid film thickness 
dimensionless liquid film thickness - pLU*~/#L 
viscosity 
density 
surface tension 
shear stress 

Subscripts 
AA air at ambient conditions 
AC critical value for annular flow 

b laminar sublayer 
G gas phase 
H maximum velocity position in stratified flow model 
L liquid phase 

SC critical value for stratified flow 
w wall 

WA water at ambient conditions 
liquid film surface 
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